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Extraordinarily Long-Ranged Structural Relaxation in Defective Achiral Carbon Nanotubes
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We present a systematic ab initio density functional theory–based study which demonstrates that even
one of the simplest defects in single-wall carbon nanotubes, the reconstructed monovacancy (a pentagonal
ring and a single dangling bond known as a 5-1db defect), leads to extraordinarily long-ranged structural
distortions. We show that relaxation due to reconstruction can only be modeled accurately through a
careful selection of boundary conditions and an appropriately long nanotube fragment.
DOI: 10.1103/PhysRevLett.109.265502 PACS numbers: 61.48.De, 61.72.J, 71.15.Dx
The presence of defects in any real material is an inevi-
table result of thermodynamics and can impact a range of
physical and chemical behaviors. In quasi-one-dimensional
materials such as carbon nanotubes the presence of even
a low defect density can profoundly alter electronic [1],
mechanical [2,3], thermal [4], and chemical [5] properties.
Awide range of defects can be formed in carbon nanotubes,
discussed in detail in several recent reviews [6–8]. The
simplest point defect in single-wall carbon nanotubes
(SWCNTs) is the monovacancy, the most common defect
resulting from energetic particle irradiation above the
atomic displacement threshold [9]. A monovacancy results
from removal of a single carbon atom leaving three dan-
gling bonds in an unstable structure which reconstructs,
with a small barrier (0:3 eV in a (3,3) SWCNT [10]),
to form a pentagonal ring and a single dangling bond,
known as a 5-1db defect [11] (see Fig. 1). The presence of
a single monovacancy can lead to profound changes in
transport and such defects have been shown to mediate
chemical functionalization [12] and catalytic behavior [5].
Therefore, an accurate determination of the structural,
electronic, and energetic properties of defects is essential
for technological applications of these nanostructures. The
defect formation energy is the key parameter since it deter-
mines the ease with which defects may arise in nanotubes
during growth and subsequent treatment.
The formation energy of isolated 5-1db defects in achiral
(armchair and zigzag) SWCNTs has been theoretically
determined by a number of researchers [13–18] in calcu-
lations employing periodic boundary conditions with
super-cells up to 10 unit cells long. Such approaches
simulate an infinitely long tube with periodically repeating
defects that introduce unphysical defect-defect interac-
tions. Furthermore, this boundary condition cannot model
important features such as twisting and bending of the
tube. We find that such modes of relaxation are absolutely
necessary to accurately model reconstructed vacancies in
SWCNTs. Moreover, even with open boundary conditions
exceptionally large supercells are required for full relaxa-
tion and accurate determination of the defect formation
energy, demonstrating the extraordinarily long-ranged
structural distortion associated with the formation of
even the simplest vacancy structure in a SWCNT. Our
results imply that calculated values for the energies (and
hence the derived properties) of reconstructed monovacan-
cies in the literature [13–18] are in error and that the
reported formation energies of a wide spectrum of other
defects in nanoscale carbon systems need further
evaluation.
To determine accurate formation energies for defects
and the errors arising from the limited supercell size and
the use of periodic boundary conditions we have performed
ab initio calculations within the density functional, plane-
wave, pseudopotential formalisms. The GGA PBE func-
tional is chosen [19], although trends reported are identical
for the non-gradient-corrected LDA functional (see the
Supplemental Material [20]). We adopt this approach
over quantum chemical or linear scaling methods since
the latter use localized basis sets and, given the large
number of atoms in the work presented here, such basis
sets would need to be small and hence the accuracy of the
bonding configurations of the defects might be question-
able. Plane wave basis sets are known for completeness and
hence good accuracy and are thus our basis set of choice.
The CASTEP code [21,22] has been used throughout.
Spin-polarized electronic wave functions are expanded in
a plane wave basis set with an energy cutoff of 380 eV
FIG. 1. (a) An a-tilt 5-1db defect in a (5,5) nanotube; (b) an
a-circ defect in a (5,5) nanotube; (c) the z-tilt defect in a (9,0)
nanotube; (d) a z-axial defect in a (9,0) nanotube. For clarity
only the topmost atoms close to the defect are shown.
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and CASTEP’s standard carbon and hydrogen ultrasoft pseu-
dopotentials, built using the mechanisms of Vanderbilt
[23], were used to describe the valence-core electron inter-
actions. Our cells are large enough to permit use of a single
k point () to sample the Brillouin zone. All calculations
were performed in a supercell with a vacuum gap of at
least 10 A˚ between tubes in all directions, which elimi-
nates intertube interactions. The electronic structure was
relaxed using a density mixing algorithm and conside-
red converged when energy differences changed less than
1:0 106 eV=atom. Structural relaxation was performed
with a Broyden-Fletcher-Goldfarb-Shanno algorithm using
the ab initio forces. The structure was considered relaxed
when the maximum residual force on any atom was less
than 0.01 eV/A˚. These controllable convergence criteria
ensure that defect energies quoted are accurate to better
than 0.05 eV. Additionally, the structural relaxation was
performed from several starting configurations to investi-
gate the possibility of local structural minima. We found
the same relaxed structure in all test cases irrespective
of starting configuration. We also considered spin-
polarization of the ends of the zigzag nanotubes. We
performed calculations with the ends being ‘ferromagneti-
cally’ and ‘antiferromagnetically’ coupled. The energy
differences between each pair of states rapidly decreases
with length and is less than 0.05 eV/nanotube even for the
shortest (4 unit cell) nanotubes considered. The lower
energy results are presented in this Letter.
Formation energies have been determined for 5-1 db
defects in (i) periodic (5,5) armchair SWCNTs for super-
cells up to 50 unit cells long (corresponding to 1000 atoms)
and (ii) isolated, hydrogen-terminated, fragments up to the
same size. We present results of similar calculations on
(9,0) zigzag SWCNTs, chosen since they have a similar
diameter to (5,5) nanotubes (the diameters are 6.78 and
7.05 A˚, respectively), on system sizes up to 25 unit cells
(900 atoms) by which size the calculations using free
boundary conditions are found to be well converged. All
5-1 db defects were found to be spin polarized, as were
the ends of the zigzag nanotubes. We consider both
possible orientations of the 5-1db defect with respect to
the nanotube axis. In the (5,5) armchair nanotube we
label these a-tilt [see Fig. 1(a)] and a-circ [see Fig. 1(b)]
defects. We also consider 5-1db defects in isolated zigzag
(9,0) SWCNTs, which we label z-tilt [see Fig. 1(c)] and
z-axial [see Fig. 1(d)] defects. We find that the behavior of
defect energies with respect to length is qualitatively dif-
ferent between zigzag and armchair SWCNTs indicating
the importance of the chiral vector in structural relaxation.
We expect that the behavior of chiral nanotubes will be
intermediate between that of zigzag and armchair
SWCNTs and focus on achiral species due to the large
unit cells in chiral nanotubes.
We define the formation energy of a monovacancy, n,
of a nanotube of length (or periodicity) n unit cells, as the
difference in total energy of a fully relaxed nanotube with a
single reconstructed vacancy and a structurally relaxed
perfect tube of the same supercell length less the energy
of a perfect single atom; thus
n ¼ EdðnÞ 

EpðnÞ  1ncell ½EpðnÞ  Epðn 1Þ

; (1)
where, EdðnÞ is the energy of a nanotube with a recon-
structed monovacancy, EpðnÞ is the energy of a perfect
nanotube, and ncell is the number of atoms per unit cell. In
Fig. 2(a) we show the formation energy of an a-tilt mono-
vacancy located at the center of an isolated hydrogen-
terminated (5,5) SWCNT as a function of nanotube length.
The defect formation energy has an extraordinarily long
decay with respect to length. This feature has not been
observed before and casts doubt upon previously reported
results of defect properties obtained by similar ab initio
methods. We have modeled the data using functional forms
that can give a more detailed physical interpretation to the
relaxation mechanism. We find the most satisfactory fit is
obtained with
n ¼ 1  A exp

 l
a

þ B exp

 l
b

; (2)
where l is the length of the nanotube, a and b are decay
lengths, A and B are constants, and 1 is the formation
energy of an isolated 5-1db defect in the limit of an
infinitely long nanotube (i.e., fully converged with respect
to length). Such a fit yields a formation energy 1 of
5:0 0:3 eV for an isolated 5-1db defect. This result is
compared with formation energies from the literature in
Table I. The first exponential term in the fit decays rapidly
with length, while the second is very long-ranged.
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FIG. 2 (color online). Monovacancy formation energies for the
(a) a-tilt defect, (b) a-circ defect, (c) z-tilt defect, and (d) z-axial
defect. The lines are fits using the functions described in the text.
PRL 109, 265502 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
28 DECEMBER 2012
265502-2
A similar variation in the monovacancy formation energy
to that seen in the shortest tubes (i.e., those with a 5-1 db
formation energy dominated by the first exponential term)
was found for defects near nanotube ends by Ding [24] but
in that study the geometry of the reconstruction differed
with the distance of the defect from the nanotube end.
Our calculations show that the lower defect formation
energy for short armchair SWCNTs arises from asymmet-
ric radial distortion along the whole nanotube length (see
the Supplemental Material [20]). The second exponential
term is significant, but the use of limited length and peri-
odic boundary conditions in earlier work quenched this
important degree of freedom. It has an extremely long
decay length and demonstrates the presence of a previously
unobserved, long-ranged component to the strain associ-
ated with defect reconstruction. This long-ranged strain
originates from a ‘twist’ about the reconstructed monova-
cancy which decays in amplitude with distance (see Fig. 3).
Since previous ab initio studies employing periodic bound-
ary conditions could not take this relaxation mode into
account they substantially overestimate the defect forma-
tion energy (see Table I). The a-tilt formation energy
determined in the approximate tight-binding calculations
of Lu and Pan [14] appear to be in closer agreement with
our results than ab initio studies [13,15–18]. However, this
is the result of an underestimated formation energy cancel-
ing uncompensated strain energy arising from the applica-
tion of periodic boundary conditions and a small supercell:
Lu and Pan use the same combination of supercell size and
periodic boundary conditions as in the ab initio calcula-
tions of Wang and Wang [16] for both a-tilt and z-axial
defects and in both find the formation energy 0:7 eV
lower. Moreover, Lu and Pan themselves point out that
they find the formation energy of the monovacancy defect
in graphene 0:6 eV smaller than that found by ab initio
approaches [14].
With free boundary conditions we find that a length of
55 unit cells (1100 carbon atoms) is required to converge
the defect formation energy to within (a still significant)
0.1 eV. However, when applying periodic boundary con-
ditions there are no circumstances in which the energy can
be converged with length since the full range of structural
relaxation cannot be considered. Indeed, we find that with
periodic boundary conditions the vacancy formation ener-
gies fluctuate over 2 eV (see the Supplemental Material
[20]) as the supercell length changes. The average defect
formation energy with periodic boundary conditions
(‘PBC’ in Table I) is found to be 5.7 eV (similar to that
previously reported [13,15,17]) which is 0:7 0:3 eV
above that for the fully relaxed tube. This indicates a large
energy cost associated with the incomplete relaxation in
previously reported studies.
The a-circ defect was previously thought to be unstable
[14], undergoing a barrierless transition to an a-tilt defect.
We find similar results for small (8 unit cell) supercells
with periodic boundary conditions (see the Supplemental
Material [20]). However, in larger periodic supercells or
for any size nanotube with free boundaries we find that this
defect is actually metastable, indicating that (unphysical)
interacting strain fields led to the previously observed
instability. In Fig. 2(b) we present the formation energy
for the a-circ defect in (5,5) nanotubes as a function
of nanotube length. We model this variation using the
function
n ¼ 1  C exp

 l
c

; (3)
where C is a constant and c is the decay length, with other
variables as defined in Eq. (2). The fit yields a defect
formation energy of 6:2 0:1 eV. The decay length of
TABLE I. Reconstructed monovacancy formation energies in (5,5) and (9,0) SWCNTs (in
electron volts). ‘Free’ refers to fully converged calculations and ‘PBC’ to average values
obtained from calculations with periodic boundary conditions.
Defect Free PBC Reference [13] Reference [14] Reference [16] Reference [17]
a-tilt 5:0 0:3 5.7 5.6 5.05 5.8 5.75
a-circ 6:2 0:1 6.7 7.1 Unstable
z-axial 5:2 0:1 5.4 4.7 5.4 6.7
z-tilt 6:0 0:1 6.4 6.0
FIG. 3 (color online). Relaxation of an 18 unit cell (5,5) nano-
tube due to a monovacancy. Arrows show the direction in which
atoms move from their original positions due to reconstruction.
The relative length of the arrow corresponds to relative displace-
ment of the atom and is not to scale. A video showing the
displacement of the atoms is provided in the Supplemental
Material [20].
PRL 109, 265502 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
28 DECEMBER 2012
265502-3
this function is the same magnitude as that of the first term
in Eq. (1), showing that it is associated with the same
asymmetric radial relaxation of the nanotube, which can-
not be captured with periodic boundary conditions.
Calculations of the a-circ formation energy using periodic
boundary conditions and supercells up to 22 unit cells
(440 atoms) in size also demonstrate no obvious conver-
gence, with an average value of 6.7 eV (compared with
6.2 eV for open boundaries; see Table I).
The long-ranged relaxation mechanisms we observe in
the zigzag nanotubes are qualitatively different from those
of armchair nanotubes. In the former decay is more rapid,
but still longer ranged than typically found for defects in
bulk crystalline materials. We show the defect formation
energy as a function of nanotube length for z-tilt and
z-axial monovacancies in a (9,0) nanotube in Figs. 2(c)
and 2(d). The variation can be fitted by a single function
similar to that used for the a-circ defect but with a change
of sign of the exponential prefactor. Such fitting yields
decay lengths of 5 2 and 3 1 unit cells and defect
formation energies of 6:0 0:1 eV and 5:2 0:1 eV for
the z-tilt and z-axial defects, respectively. Thus, we find
end effects dominate the dependence of the vacancy for-
mation energy with length. The defect energy in shorter
carbon nanotubes is larger than that in longer tubes (oppo-
site to that observed in armchair SWCNTs). This differ-
ence is a result of the stiffness of the zigzag ends,
suppressing the relaxation observed in short armchair
nanotubes (see the Supplemental Material [20]). We would
expect that capped nanotubes would show greater resist-
ance to deformation than hydrogen terminated nanotubes
and thus display a larger defect formation energy at short
lengths than in the uncapped cases. For z-axial defects, our
results are similar to those found by workers employing
periodic boundary conditions [13,16,17] (see Table I); the
smaller influence of boundary conditions on the defect
formation energy in comparison with the (5,5) armchair
nanotubes is a result of the ends of the zigzag nanotube
retaining an almost unperturbed structure due to their stiff-
ness to displacements which accommodate the structural
relaxation associated with reconstruction. The value we
find for the formation energy of the isolated z-tilt defect,
6:0 0:1 eV, is smaller than the value of 6.4 eV found by
Ma et al. [13], the difference possibly arising from the
longer decay length for this defect.
Our results clearly demonstrate that the structural re-
laxation associated with reconstruction of an isolated
monovacancy defect within a graphitic nanotube lattice
can be extraordinarily long ranged (far longer than in any
‘conventional’ solid), most notably for the lowest energy
reconstructed monovacancy in armchair nanotubes where,
for a (5,5) nanotube the 5-1db formation energy can only
be converged to within 0.1 eV for a nanotube fragment
55 unit cells (13.5 nm) long. We also observe similar
effects in achiral SWCNTs with different indices [25].
This (chirality dependent) extent of structural distortion
arises from a combination of the greater degree of struc-
tural freedom offered at the nanoscale in comparison with
analogous bulk solids and the unique flexibility associated
with bonds in the graphite lattice. Such a relaxation can
only be fully captured by calculations on nanotube seg-
ments much larger than any ab initio calculations on these
systems previously considered in the literature. Moreover,
periodic boundary conditions cannot capture the nature of
these structural defects and the selection of open bounda-
ries is a necessity. The importance of these factors will
be general to a wide range of defect and impurity structures
in nanotubes and related nanomaterials where significant
reconstruction or structural distortion occurs. Preliminary
studies show that polyvacancy defects in SWCNTs and
both monovacancy and Stone-Wales defects in graphene
nanoribbons have a similar need for an appropriate choice
of boundary conditions and system size [25]. As a result, it
is likely that much published data derived from ab initio
calculations of defective or functionalized carbon nano-
structures to date have treated systems of insufficient size
or with unphysical constraints (periodic boundary condi-
tions) and therefore require careful evaluation.
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